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1 Introduction

With the advent of the zero lower bound (ZLB), forward guidance (FG) has be-
come increasingly important for the Fed in recent years. In turn, it has proven
effective in significantly reducing the future path of the policy rate (Swanson
(2021)). The literature has extensively studied the time-dependent FG in which
the policy rate is held fixed during a pre-announced time window (calendar-
based, Campbell et al. (2012); McKay et al. (2016)). Another FG approach is a
state-contingent policy. A prime example is the FOMC statement on December
12, 2012: “[. . . ] The Committee decided to keep the target range for the Federal Funds
rate at 0 to 1/4 percent and currently anticipates that this exceptionally low range for
the Federal Funds rate will be appropriate at least as long as the unemployment rate
remains above 6-1/2 percent”.1

In this paper, we study the effects of state-contingent forward guidance
(SCFG), i.e., when a monetary authority commits to maintain its policy rate
until threshold conditions for a macroeconomic variable are breached. To
do so, we add an endogenous monetary regime-switching system to a New-
Keynesian model with nominal rigidities, Taylor rule and frictional unem-
ployment. We motivate the use of search and matching frictions in the labor
market to account for a monetary rule based on an unemployment threshold.
Not only do these frictions imply equilibrium unemployment but they also
provide an interesting interaction with the SCFG that has been little studied in
the literature.

Other studies of the SCFG using structural models precede ours. Coenen
& Warne (2014) show that an SCFG is not subject to the FG puzzle in a de-
terministic model. We go further and evaluate the relative importance of the
expectation channel in a stochastic environment. Boneva et al. (2018) assume
that an SCFG policy is "one-off" and not anticipated by agents. They show that
the SCFG can be used to provide a temporary stimulus and outperforms the
calendar-based FG. In their framework, agents do not attach a probability to
the policy being repeated in the future. We relax this assumption and impose
fully rational expectations. We argue that it is reasonable to believe that a
repeat of the SCFG has been anticipated in the US, given the long absence of
leverage on the policy interest rate.2 In our context, we thus assume that the
SCFG is a regime for which the thresholds, i.e., the entry and exit conditions,
are perfectly known to agents (subsequently, we suppose that these conditions
can change randomly). By doing so, we are able to study the triggering aspect

1The December 18, 2013, communication is an update of the December 12, 2012, commu-
nication:"[. . . ] will be appropriate to maintain the current target range for the federal funds rate well
past the time that the unemployment rate declines below 6-1/2 percent, especially if projected inflation
continues to run below the Committee’s 2 percent longer-run goal."

2And even if this were not the case, today the possibility of an SCFG reoccurrence has a
non-zero probability.
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of a credible SCFG in both directions, entry and exit, as well as the potential
asymmetries that their changes might cause. To handle this and the macroeco-
nomic uncertainty, we solve our DSGE with a regime-switching system with
a fully nonlinear solution method based on global approximations (Albertini
& Moyen (2020)).34 Comparing to the existing literature on SCFG, our solving
method allows us to isolate how the policy distorts agent’s expectations and
thus disentangle two relevant transmission channels from a credible SCFG.

We highlight a signaling and a realization channel. The first concerns the
change in agents’ expectations, the second the duration of the ZLB. To isolate
the signaling channel, we solve the model with and without the regime of
SCFG. In doing so, we can quantify how the SCFG propagates through its
effect on agents’ expectations and decision rules. To capture the channel of
realization, we solve the model with the SCFG but compare simulation results
when the SCFG is triggered and when it is not. The difference highlights
how the additional ZLB periods represent the monetary stimulus that is not
related to expectations. When both channels are operating in our benchmark
economy, we find that committing to a 6.5% unemployment target leads to a
contemporaneous increase in inflation and a decrease in the real interest rate
of about 1 and 1.5 percentage points (pp), respectively. This, in turn, stimu-
lates the real economy. We observe that the signaling channel contributes to
this stimulus on impact but that its effects fade quickly. Over horizons, the
realization channel explains most of the effects.

We further examine transmission mechanisms in a robustness analysis by
varying several parameters. In particular, we investigate the importance of
labor frictions and threshold conditions. We find that greater labor frictions
increase the contribution of the signaling channel. Second, we highlight the
importance of the unemployment exit threshold in driving the policy. Con-
versely, the entry threshold is almost irrelevant.

Taking this a step further, we study the impact of uncertainty on the SCFG
by introducing stochastic shocks to its threshold conditions. These shocks
probe the consequences of imperfect credibility, in the spirit of Bodenstein
et al. (2012), Nakata et al. (2019) and Haberis et al. (2019). We show that a
loss of credibility (certainty) reduces the importance of the signaling channel.
Furthermore, we are able to evaluate how an unanticipated extension of the
SCFG generates a stimulus. We find that an additional quarter of ZLB (in
the SCFG regime) corresponds to a half percentage point decrease in future
unemployment. This gives an indication of how much room the monetary
authority might have when it wishes to extend this policy.

3More about regime-switching and monetary application can be found in Barthélemy &
Marx (2017, 2019), Binning & Maih (2017).

4As such, we bypass the certainty equivalence and thus offer a new approach to other FG
studies like in Del Negro et al. (2012); Graeve et al. (2014); Coenen & Warne (2014); English
et al. (2015).
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Finally, we assess the importance of the FOMC statement outlined above.
Our counterfactual experiments reveal that most of its effects occurred when
the 6.5% unemployment rate target was breached.5 From that date, according
to the Taylor rule, the nominal interest rate should have returned to its pre-
crisis level (i.e. highly positive). We follow the retrospective and extend the
ZLB periods to the end of 2015 with a sequence of unexpected shocks to the
SCFG threshold conditions. As such, this lengthening leads to gains of about
1.5 pp in unemployment and 0.5 pp in inflation.

The remainder of the paper is organized as follows. Section 2 describes the
model. Section 3 discusses the simulation exercises. Section 4 concludes.

2 The Model

The model is a standard New Keynesian DSGE model with the addition of
search and matching frictions on the labor market. Perfectly insured con-
sumers can be either employed or unemployed and maximize their utility in
terms of consumption and leisure. The goods market features monopolistic
competition and nominal price rigidities à la Rotemberg (1982). The central
element of our model is that monetary policy is defined according to a regime-
switching system embodying the ZLB and the SCFG.

2.1 The Labor Market

At the beginning of period t, a fraction ut of workers are unemployed. Mean-
while, a fraction ρx of employment relationships are destroyed. Assuming that
these newly unemployed immediately start searching for a job, the number of
job seekers changes as a function of:

st = 1 − (1 − ρx)nt−1, (1)

where nt is the employment rate. Workers and vacancies are then matched
according to the following CES function:6

mt =
(

s
−γ
t + v

−γ
t

)− 1
γ ≤ min(st, vt), (2)

where vt ≥ 0 is the number of vacancies. We define qt = mt/vt as the probabil-
ity of filling a vacancy, ft = mt/st as the job-finding probability, and θt = ft/qt

5Late 2013 in our model, mid-2014 in reality.
6The use of a CES matching function ensures that the job finding and filling probabilities

remain below 1.
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as the labor market tightness. Consistent with the above assumptions, the law
of motion for employment and unemployment is:

nt = (1 − ρx)nt−1 + mt, (3)

ut = 1 − nt. (4)

2.2 Household

Households are a continuum of workers of total mass 1 and can be either
employed or unemployed. They consume, value leisure time and inelastically
supply a unit of working time. They live in a large family where they pool
their resources. These consist of wages, interest on savings and unemployment
benefits. A representative family is assumed to maximize the present value of
the following utility:

max
ΩH

t

E0

∞

∑
t=0

(

t

∏
k=0

βk

)[

c1−σ
t

1 − σ
+ ℓ(1 − nt)

]

, (5)

where ct is consumption, nt is the total amount of work provided, σ is the
intertemporal elasticity of substitution, and ℓ is the utility derived from leisure.
Finally, βt is a discount factor shock. The family chooses a set of control vari-
ables, ΩH

t = {ct, dt, nt}∞
t=0, taking the state variables {pt, wt, it, ft}∞

t=0, and the
initial wealth (d0) as given. Maximizing its utility is subject to the employment
motion (3) and the following budget constraint:

ptct + dt = dt−1(1 + it−1) + wtnt + (1 − nt) bpt + Πt + Tt, (6)

in which dt is a one-period bond bearing a nominal interest rate it. Households
receive a nominal wage of wt if working or a fixed unemployment benefit b.
They pay lump-sum taxes Tt and collect the profits Πt originated by their
firms. The corresponding first-order conditions of the optimization problem
are given by:

φt = λt

(

wR
t − b

)

− ℓ+ Etβt+1(1 − ρx)(1 − ft+1)φt+1, (7)

λt = c−1
t , (8)

λt = (1 + it)Etβt+1λt+1
pt

pt+1
. (9)

where wR
t = wt/pt is the real wage.
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2.3 Firms

Production is divided into a final and an intermediate goods sector. The repre-
sentative producer of final goods buys a variety of differentiated intermediate
goods at the price of pjt and aggregates them into a final consumer good sold
at the price of pt. Her production function is:

yt =

[

∫ 1

0
y
(ϵ−1)/ϵ
jt dj

]
ϵ

(ϵ−1)

. (10)

The profit maximization of the final goods firm leads to the following demand
function and aggregate price index:

yjt =

(

pjt

pt

)−ϵ

yt, (11)

pt =

[

∫ 1

0
p1−ϵ

jt dj

]
1

1−ϵ

. (12)

On the other hand, producers of intermediate goods operate in a context of
monopolistic competition, price rigidities and search frictions. A continuum of
j of these producers exploits a linear technology, with labor as the only input:

yjt = njt. (13)

They set the price of the product varieties pjt at a cost of quadratic price ad-
justment à la Rotemberg (1982):

Γπ(pjt) =
ψ

2

(

pjt

πpjt−1
− 1

)2

, (14)

where
pjt

pt
is the relative price of the goods, π the steady-state inflation rate and

ψ the parameter controlling price inertia.
Each firm also decides how many vacancies vjt to post; taking the prob-

ability of a successful match, qt, as given, but at the fixed cost κ. Its opti-
mization problem thus consists of choosing a set of control variables, ΩF

jt =

{vjt, pjt, njt}∞
t=0, taking the set of variables {pt, wjt, qt}∞

t=0 as given. The latter
reads:

max
ΩP

t

E0

∞

∑
t=0

(

t

∏
k=0

βk

)

λt

λ0
Πjt, (15)

where Πjt =

[

pjt

pt
yjt −

wjt

pt
njt − κvjt − ytΓ

π(pjt)

]

,
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subject to the production function, the demand for each intermediate good and
the evolution of the employment rate:

njt = (1 − ρx)njt−1 + qtvjt. (16)

Firms being symmetric, the optimal choices of vacancies, employment and
prices are respectively given by the standard vacancy posting creation and
price setting conditions, with Jt the value of a filled job and πt the inflation
rate,

Jt = κ/qt, (17)

Jt = mct − wR
t + (1 − ρx)Etβt+1

λt+1

λt
µt+1, (18)

0 = (1 − ϵ) + ϵmct − ψ
πt

π

(πt

π
− 1
)

+ Etβt+1
λt+1

λt
ψ

πt+1

π

(πt+1

π
− 1
) yt+1

yt
. (19)

2.3.1 Wage Setting

The real wage is determined by a Nash bargaining process. The surplus from
a match is shared between workers and employers. The problem is as follows:

max
wt

(

φt

λt

)1−ξ

µ
ξ
t , (20)

and the optimal condition is given by:

ξ
φt

λt
= (1 − ξ)Jt, (21)

with ξ being the firms’ bargaining power. Using the definitions of φt in the
equation (7) and Jt in (17), the real wage is determined by:

wR
t = (1 − ξ)

(

mct + Etβt+1
λt+1

λt
(1 − ρx)κθt+1

)

+ ξ

(

b +
ℓ

λt

)

. (22)

2.4 Monetary and Fiscal Authorities

The notional interest rate i∗t is adjusted according to a standard Taylor rule, as
follows:7

1 + i∗t =

(

π

β

(πt

π

)ρπ
(nt

n

)ρn
)

. (23)

7In general, Taylor rules are expressed using fluctuations in the output gap. In our model,
output is equivalent to employment (see eq.(13)). The two specifications are therefore similar.
The implementation of the ZLB and the SCFG is explained below.
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The fiscal authority finances the unemployment allowances b(1 − nt) by col-
lecting lump-sum taxes Tt and issuing domestic bonds dt. The balanced bud-
get satisfies the following relation:

dt + b(1 − nt) = (1 + it−1)dt−1 + Tt. (24)

2.5 Market Clearing

Goods market clearing implies the following aggregate resource constraint:

yt

[

1 − ψ

2

(πt

π
− 1
)2
]

= ct + κvt. (25)

2.6 State-Contingent Forward Guidance

The effective interest rate it is subject to a regime-switching system. Let
rt = {1, ..., N} be indicators of the different regimes. In the benchmark model,
the economy switches between three specific monetary regimes: a normal
regime (rt = 1), and two ZLB states, without (rt = 2) and with SCFG (rt = 3).
In a normal regime, the notional interest rate i∗t and the effective nominal in-
terest rate it always coincide. Conversely, as later experienced, a large and
positive discount factor shock can induce a ZLB. In this situation, the level
of the notional rate deviates below zero. The economy must then stay in a
ZLB regime (rt = 2), as long as the notional rate reverts to a positive level.
The endogenous switching between a ZLB without (rt = 2) and with SCFG
(rt = 3) is determined by further conditions. The economy enters an SCFG
regime (rt = 3) if and only if the unemployment crosses the entry threshold
u(rt−1) and the ZLB regime (rt = 2) applied in the previous period t − 1.
Finally, the return to the normal regime (rt = 1) is solely triggered by the exit
unemployment threshold. Accordingly, the regime-switching system is:

rt =







1 if i∗t > 0
2 if i∗t ≤ 0 and ut < u(rt−1)
3 if ut ≥ u(rt−1) and rt−1 > 1.

(26)

As a benchmark, we assume that the economy is entirely absorbed in an SCFG
regime until the exit threshold is crossed.8 As such, the respective regimes are

8Under this specification, it should also be noted that the effective interest rate can remain
at zero even if the notional interest has returned to a positive level. We shall see that this
mechanism is important to fit the dynamic in the Federal Funds rate in late 2014.
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fully credible.9 Hence, the effective interest rate evolves as follows:

it(rt) =







i∗t if rt = 1
0 if rt = 2
0 if rt = 3

(27)

3 Quantitative Evaluations

3.1 Calibration

The calibration initializes the model on the basis of three targets of the US quar-
terly data: (i) the average unemployment rate, (ii) the average of the separation
rate and (iii) the frequency of ZLB episodes.10

The steady-state unemployment rate is set to u = 6%, matching the aver-
age of the civilian unemployment rate between 2000Q1-2019Q1. In line with
Andolfatto (1996), the matching friction γ is adjusted so that the probability
of filling a job is q = 0.9. We follow Pissarides & Petrongolo (2001) by using
ξ = 0.50, so that bargaining power is balanced between workers and firms.
In the data, the average BLS monthly probability of job separation is 3.1%
between 2000M1-2019M1. The latter implies that ρx = 10% in a quarterly
frequency. Finally, vacancy costs ensure that κv ≃ 0.01y.

Moreover, along the estimates of Fernández-Villaverde et al. (2015), the
elasticity of substitution between goods is calibrated to ϵ = 6, which in-
duces a steady-state markup of 20%. The equilibrium value of the discount
factor shock is β = 0.996.11 Together with the monetary weights on infla-
tion, ρπ = 1.50, and output, ρy = 0.50, the parameters related to this shock,
ρβ = 0.85 and σβ = 0.0025, are borrowed from the estimates of Gust et al.
(2012). These parameters help capture the frequency of the ZLB episodes in the
last century; that is, roughly 5% of time. The steady-state inflation, π = 1.005,
fits the medium-run inflation target of the Fed, i.e., 2%. All of these values
imply an annual notional rate of i∗ = 3.66%. The values of the parameters for
the benchmark model are summarized in Table 1.
The unemployment thresholds u(r) for the regime-switching system are set to:

u(r) = {1, 0.09, 0.065} (28)

Thus, the switch from ZLB (rt =2) to SCFG (rt =3) occurs for an unemploy-
ment rate of 9%. In order to evaluate the impact of the Fed communication of
December 2012, the exit unemployment threshold is set at 6.5%.12

9We subsequently relax this assumption.
10Details about the computation of the steady-state values are given in the online appendix.
11The discount factor shocks are in the form of an AR(1) process, such as: log βt =

ρβ log βt−1 + (1 − ρβ) log β + σβε
β
t

12The value of unemployment to be in the normal regime is set to an outlier so that this
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Table 1: Parameters of the benchmark model

Parameter Symbol Value Source

Discount factor β 0.996 1.6% annual risk-free rate
Elast. of subst. between goods ϵ 6.00 Target Markup of 20 percent
Steady state inflation π 1.005 Target 2 percent net annual rate
Autocorr. coefficient ρβ 0.85 Albertini & Poirier (2015)
Std. of βt σβ 0.0025 Target 5 percent at the ZLB
Vacancy posting costs κ 0.09 Target κv ≃ 0.01y
Leisure and home production ℓ 0.277 Implied from job creation
Matching frictions γ 2.77 Target q ≃ 0.9
Separation rate ρx 0.10 Target 0.032 monthly (BLS)
Worker bargaining power ξ 0.50 Pissarides & Petrongolo (2001)
Price adjustment ψ 210 Target observed deflation
Response to inflation ρπ 1.50 Gust et al. (2012)
Response to employment ρn 0.50 Gust et al. (2012)

3.2 Solution method

Before moving on to examine the various impulse response functions, a few
remarks are important. Throughout the discussions to follow, we will refer to
two different phases: model resolution and impulse response function (IRF)
simulations. Let us therefore describe the solution steps up to the calculation
of the IRFs. We follow the approach of Albertini & Moyen (2020).13

The resolution phase consists of stochastic simulations and projections to
solve the equilibrium conditions with the regime-switching system. Our solv-
ing method belongs to the class of Generalized Stochastic Simulation Algo-
rithms. It is a three-step algorithm: (i) simulated grid points and approxi-
mation functions, (ii) deterministic numerical integration, (iii) non-linear opti-
mization solver.

First, we approximate the decision rules in each regime using Chebyshev
polynomials. The polynomials are projected on a grid based on a quasi-
uniform subset of simulation points, an ε-distinguishable subset (Maliar &
Maliar (2015)). Second, the resulting decision rules produce a set of integration
nodes on which expectation functions are approximated with Gauss Hermite
quadratures. Third, we determine the set of coefficients so that the parameter-
ized decision rules converge to the equilibrium conditions of the model (using
a Newton-type optimization method).14

regime always applies when the notional interest rate is not negative.
13A complete detail of the resolution method and the algorithm is available in the online

appendix.
14It should be noted that the resolution phase includes stochastic simulations. However, the

below references to the simulation phase will concern only those necessary for the calculation
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3.3 Credible State-Contingent Forward Guidance

Our starting point is a realistic scenario replicating the 10 pp increase in the
US unemployment rate observed in October 2009. We achieve this by ap-
propriately calibrating the discount factor shock. We then perform several
experiments to discover the relative importance of the transmission channels
involved in the SCFG. It is important to emphasize that a key assumption un-
derlying the approach followed in this section is that, in all the scenarios con-
sidered, agents are fully rational and evolve in an environment of complete in-
formation. Therefore, they are perfectly informed about the regime-switching
system. They know with certainty the entry and exit conditions of each regime.
As such, the SCFG is a fully credible commitment.15 As mentioned in the
introduction, one of the advantages of our solving method, compared to the
existing literature on SCFG, is that it allows us to isolate agents’ expectations
and thus the corresponding transmission channels in the context of a monetary
regime-switching system.16

To do so, we implement the following three experiments. In the first (i),
the SCFG regime is incorporated in both the resolution and simulation stages
of the model. This is our benchmark economy in which both channels are
active. In the second (ii), the SCFG regime is eliminated in the simulation
exercise. This implies that crossing the entry threshold does not trigger a
regime change and the ZLB continues to apply. It also implies that agents
have internalized the existence of the SCFG regime in making their decisions,
but that it will never materialize in reality. In the third (iii), the SCFG is absent
in both stages.17

In doing so, we are equipped, unlike previous studies of SCFG, to distin-
guish and contrast the importance of the two channels involved in the trans-
mission of the SCFG. The first channel is obtained from the differences be-
tween scenarios (ii) and (i). It illustrates the reaction of agents when the SCFG
is triggered, assuming that their decision rules are identical. It is the realization
channel. The second is derived from the differences between scenarios (iii) and
(ii). It emerges from changes in the agents’ decision rules due to the existence
(not the realization) of the SCFG. This is the signaling channel. Simulation
analyses (3.3.1) further detail the operation of each of these channels.

of IRFs.
15Note that this does not imply that the agents have a perfect prediction of future events.

Indeed, uncertainty remains, in particular with regard to exogenous disturbances.
16Such a measurement is not feasible by standard perturbation-based methods, in which the

kinks in policy functions cannot be handled.
17It should be noted that the other two monetary regimes (normal and ZLB) are always

included in the resolution or simulation steps in either of these scenarios.
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3.3.1 Impulse Response Functions Analysis

Figure 1 shows the impulse response functions in the baseline calibration.18

Overall, the SCFG has a significant impact on the economy (scenario (i) against
(iii)). In scenario (iii), the SCFG is absent from the resolution and simulations.
Contrariwise, in the benchmark scenario (i), the economy is fully absorbed in
an SCFG regime (panel (f)). In this context, the agent decision rules provide
that an SCFG regime may apply in the event of a significant demand shock. If
the shock occurs and the threshold for entry into the regime is exceeded, agents
will therefore anchor their expectations to the unemployment exit threshold.
This distorts the trajectories of future states of the economy and makes them
significantly less uncertain. Notably, inflation projections are revised upwards
(panel (e)). As a result, the real interest rate falls immediately (panel (g)),
thereby stimulating aggregate demand. In addition, the effective interest rate
stays in the ZLB longer than the Taylor rule suggests (panel (b)). This leads to
a negative difference between the effective and notional rate (panel (a)), and
thus to monetary accommodation.

In Q8, when the exit threshold is crossed, the unemployment rate is about
1.5 pp. lower and annual inflation 0.25 pp. higher than in an economy with-
out SCFG (panel (c) and panel (e)).19 A fully credible SCFG proves to be an
effective instrument to help policymakers influence both inflation and unem-
ployment.

Scenario (ii) provides a better understanding of how the total effects of
the SCFG decompose between the signaling and realization channels. In this
context, the ZLB extension is muted. In other words, the SCFG is never trig-
gered in the simulations. Nevertheless, the regime is taken into account in
the decision rules. Thus, the differences with scenario (i) measure the effects
channeled by the realization of the SCFG. Absence of additional ZLB periods
significantly reduces the magnitude and persistence of the regime.

Finally, the SCFG is totally absent in scenario (iii). The decision rules are
thus modified since agents never anticipate the regime. The differences with
scenario (ii) therefore measure the importance of the signaling channel. Its ef-
fects are moderate and short-lived. We shall proceed with calibration changes
below to understand why.

We complement our results by providing key moments for selected vari-
ables from a large number of simulations in Table 2. At this point, it is
important to recall that our solution method allows us to fully account for

18The results are roughly equivalent when considering generalized impulse response func-
tions. See Figures A.6 and A.7.

19The return to a normal regime generates a particularly marked increase in the effective
interest rate in Q9. Our Taylor rule has no persistence component. If it did, we believe that a
smoother transition would be at stake. This detail does not, diminish our overall appreciation
of the transmission mechanisms of the SCFG.
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Figure 1: IMPULSE RESPONSE FUNCTIONS - SCFG VS NO SCFG

SCFG: state-contingent forward guidance. Size of the shock: εβ = 0.0265

uncertainty and economic nonlinearities. This allows us to provide accurate
measures of the long-run ergodic mean of our economy and how it is affected
by the different monetary regimes.

Over the full sample, including the ZLB and non-ZLB periods, the SCFG
generates a small inflationary pressure of about 0.10 pp, compared to the case
without the SCFG where inflation is almost at its deterministic steady state.
This corresponds to a slight improvement in the unemployment level (0.05
pp). As expected, the ZLB is less frequent when the SCFG regime exists. Not
surprisingly, the lion’s share of the impact of the SCFG occurs during ZLB
periods. The policy avoids the deflation that would occur if it did not exist.
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The inflation gain is about 0.75 pp. In addition, the unemployment rate is also
protected by almost 1pp when a credible SCFG regime is in place. Overall, this
shows that, while a powerful stabilization policy when the ZLB is triggered, it
is unlikely to significantly alter long-run economic outcomes.

Table 2: SIMULATION STATISTICS

Variables Symbol

FULL SAMPLE ZLB PERIOD FULL SAMPLE

MEAN MEAN STANDARD DEV.

SCFG No SCFG SCFG No SCFG SCFG No SCFG

Nominal int. rate it 3.82 3.77 0.00 0.00 0.41 0.44

Unemployment rate ut 6.51 6.56 8.63 9.54 0.10 0.12

Tightness θt 65.97 65.86 53.78 49.36 0.07 0.08

Inflation rate πt 2.11 2.01 0.55 -0.20 0.21 0.38

Real wage wt 0.81 0.81 0.80 0.79 0.01 0.01

ZLB frequency (%) 5.61 7.02

ZLB duration (quarters) 2.91 2.56

The model is simulated over a horizon of 40500 quarters. We discard the first 500 observations. The
standard deviations are calculated by taking the logarithm of the time series and processing them
through a HP filter with a smoothing parameter of 1600.

3.3.2 Robustness analysis

We further investigate the mechanisms using the following alternative calibra-
tions of the parameters:

(1) More flexible prices: ψ = 90 instead of ψ = 120.

(2) Higher vacancy costs: κ = 0.153 instead of κ = 0.09.20

(3) Lower separation rate: ρx = 0.06 instead of ρx = 0.1.

(4) Lower SCFG entry threshold: u(r = 2) = 0.08, instead of u(r = 2) =
0.09.

(5) Higher SCFG exit threshold: u(r = 3) = 0.07, instead of u(r = 3) =
0.065.

(6) Lower SCFG exit threshold: u(r = 3) = 0.06, instead of u(r = 3) = 0.065.

20We aim for a target of κv/y = 1.7% to replace κv/y = 1%.
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In all these scenarios, we maintain the calibration of the discount factor shock
in order to compare them with our benchmark experiments in Figure 1. There-
fore, it is likely that the 10 pp unemployment differential is not exactly real-
ized.21 Figure 2 shows the percentage of employment deviation that corre-
sponds to the total effects of the SCFG for each alternative calibration (specifi-
cally, the differences in the employment IRFs in scenario (i) and scenario (iii)).
It thus helps us to appreciate the overall gains derived from the SCFG. The
IRFs of the robustness simulations are presented in Figures B.1 to B.6 in the
appendix.

Consider an economy where prices are more flexible (case (1), Figure B.1).
After the demand shock, it enters a severe deflation (−6%), forcing the notional
interest rate to fall persistently (panel (a)). Despite an additional period of
ZLB, the realization channel has little impact because the notional interest rate
remains low in the meantime (panel (a)). Therefore, the benefits of staying
longer in the ZLB are marginal. Conversely, the signaling component is very
active as price flexibility naturally generates high expected inflation. Its effects
are long-lasting and produce output gains in about the same proportion as the
benchmark calibration (Figure 2). At first glance, therefore, it appears that the
signaling elements of the SCFG are closely related to inflation expectations.

To ensure this, we accentuate the frictions in the labor market in order to
generate volatile inflation rates (cases (2) and (3), Figures B.2 and B.3). In fact,
when the labor market is more rigid, the adjustment is made through wages
and prices rather than quantities (employment). And indeed, the impacts
conveyed by signaling are again significant and long-lasting. Note also that the
notional interest rate fluctuates widely in both cases. Therefore, any additional
ZLB period caused by the SCFG is highly impacting. Since both channels of
the SCFG are quite responsive, the output gains are naturally higher.

Finally, we explore the implications of changes in unemployment thresh-
olds. Lowering the entry threshold implies that SCFGs are more likely to
be triggered, so the decision rules are changed (cases (4), Figures B.4). This
explains why the signaling channel now plays a more important role than the
realization. However, since the exit threshold is the same as in the baseline
calibration, the anchoring mechanisms are identical. Therefore, the total effects
of the SCFG and the output gains are roughly similar.22 Contrariwise, a change

21In all alternative experiments, the increase in unemployment is sufficient to trigger the
SCFG regime. It reaches between 9.5% and 11.5% following the shock, depending on the alter-
native experiment considered. It should be emphasized that changes in structural parameters
create new stochastic steady-state values, and thus a set of new stochastic simulations. There-
fore, the subset of simulated points on which the solution is approximated is not the same.
However, the set of state variable boundaries remains, so that the economies are ultimately
comparable.

22In this regard, we therefore argue that our SCFG specification is rather immune to con-
cerns about its entry triggering. We have tested different values of the unemployment rate at
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Figure 2: ALTERNATIVE CALIBRATIONS: EMPLOYMENT GAINS

Size of the shock: εβ = 0.0265 in each scenario. The variable displayed corresponds to the employment
(n = 1 − u) variation induced by the SCFG in the alternative calibrations shown in the legends.

in the exit threshold has strong consequences for the economy (case (5), Figure
B.5). In this context agents can project their expectations onto a lower unem-
ployment rate, and thus expect higher future inflation. In addition, the ZLB is
extended for about one year and the hypothetical notional interest rate is very
high (panel (a)). Thus, lowering the output threshold causes both channels to
be very active, resulting in significant output gains. For the opposite reasons,
increasing the exit threshold virtually eliminates all the benefits of the SCFG
(case (6), Figure B.6).

In summary, these alternative calibrations allow us to draw a general as-
sessment: SCFG will have a significant impact if the targeted level of unem-
ployment is low and if fluctuations in inflation are large. This is, however,
contingent on the full credibility of the SCFG. We relax this assumption now.

entry, and the main results remain.
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3.4 Uncertain State-Contingent Forward Guidance

Under a fully credible SCFG regime, agents have full knowledge of entry and
exit thresholds. In addition, the monetary authority is committed to stopping
the SCFG when the unemployment exit condition is found. But what would
happen if (i) the threshold conditions were uncertain (ii) the central bank did
not achieve all its objectives? The first scenario (i) implies that the regime is not
fully credible. The second (ii) questions the case where the unemployment ob-
jective was not the only one that the central bank intended to achieve. Indeed,
it may be that once the exit condition is found, the inflation rate will be so low
that the authority will consider extending the ZLB. To illustrate both of these
scenarios, we assume that an exogenous shock xt affects the regime-switching
system:

rt =







1 if i∗t > 0
2 if i∗t ≤ 0 and ut < u(rt−1)xt

3 if ut ≥ u(rt−1)xt and rt−1 > 1
(29)

log xt = ρx log xt−1 + σxεx
t , with εx

t ∼ N (0, 1) (30)

The threshold now fluctuates over time, making the regime-switching system
stochastic.23 In the benchmark, it is active at both the resolution and simulation
stages. Thus, the agents’ decision rules are affected by a loss of certainty on the
value of the thresholds.

We ensure that the two scenarios of limited credibility (i) and unanticipated
extension of the ZLB (ii) also reflect the channels of the SCFG in isolation. To
do this, we start by shutting down the SCFG realization (though it remains
anticipated by the agents). Then, we consider threshold shocks only during
the resolution phase.24 This allows the effects of uncertainty to be isolated
through the signaling channel.

It is quite complicated to identify such shocks in the data, therefore a pa-
rameterization is necessary. We assume that they have a typical persistence
value (ρx = 0.9) while testing a wide range of standard deviations. Dispersion
covers the case where certainty applies, σx = 0 (baseline), up to an extreme
degree of uncertainty, σx = 0.16.25

23In this specification, the threshold shock has an impact on the entry and exit thresholds.
We tested the possibility of limiting the shock so that it hits either the first or the second. If the
shock is applied only to the entry threshold, the effects of uncertainty are really small. On the
contrary, if it is limited to the exit threshold, the impacts are close to what we obtain in this
general configuration.

24The idea is to generate new expectation functions based on the existence of this new type
of shock.

25When σx =0.16, entry and exit from the SCFG can occur regardless of the prevailing
unemployment rate. Note also that in all subsequent experiments, the simulated discount
shock is of the same magnitude as in the baseline calibration.
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Figure 3 displays the outcomes. At the onset of the demand shock, the loss
of credibility decreases the inflation rate and increases the unemployment rate
by about half a pp (red line (σx = 0) relative to the palest grey line (σx = 0.02).
This gap reflects the pure effect of adding uncertainty to the regime-switching
system. Note that the economy deteriorates further by increasing the volatility
of the threshold shocks. But interestingly, the total effect of shifting from a
slightly evasive threshold (σx = 0.02) to an extremely imprecise one (σx = 0.16)
is about as large as that between fully credible (σx = 0) to slightly evasive
(σx = 0.02) thresholds. Thus, greater uncertainty is not as damaging as the
loss of credibility itself.26

Figure 3: IMPULSE RESPONSE FUNCTIONS - IMPACT OF THRESHOLD UNCER-
TAINTY

0 0.02 0.04 0.06 0.08 0.10 0.12 0.14 0.16

Size of the shock: εβ = 0.0265. Size of the shock: εx = 0.

26The agents make their decisions by including all the states that this shock visits. Since this
shock is a Gaussian i.i.d, the tails of the distribution count slightly less than the points where
the mass is concentrated. Therefore, despite the fact that volatility can be very high, agents
always use the most likely states as the basis for their decisions.
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Second, we consider a threshold shock at the time of regime exit (i.e. at Q8
in the benchmark model). This experiment reflects the effects transmitted by
the realization channel in isolation. Indeed, this shock is only triggered at the
simulation stage.27 We can thus examine the effects produced by the unan-
ticipated extension of 1 to 5 additional ZLB periods.28 In this context, agents
know that the monetary authority may extend the SCFG (the distribution of
shocks is recognized), but they do not anticipate when this could happen.

Figure 4 shows the results of this exercise. The extension of the duration
of the ZLB (SCFG) has significant and linear effects on the economy. They are
simply the product of the monetary accommodation that would not have taken
place if the regime had returned to normal (panel (a)). In addition, panel (d)
presents the revised unemployment expectations that these threshold shocks
produce. Each additional spell requires a decrease of at least half a pp in the
expected unemployment rate. This is very interesting because it quantifies the
room for maneuver available to a policy-maker if she intends to extend the
ZLB (SCFG).

3.5 Counterfactual analysis

After our in-depth analysis of the mechanisms underlying the SCFG, we pro-
pose a quantification of their effects on the U.S. economy between 2005 and
2017. Let us recall important facts. The Fed committed on December 12, 2012,
to maintain an "exceptionally low range for the Federal Funds rate [. . . ] at
least as long as the unemployment rate remains above 6-1/2 percent".29 The
unemployment condition to exit the regime was met in April 2014. Neverthe-
less, the target federal funds rate remained in a range of 0 to 0.25 basis points
until December 17, 2015. In our counterfactual exercises, we consider this to be
a breach of its commitment. We therefore rely on our discount and threshold
shocks to reproduce the dynamics of the unemployment rate, the SCFG regime
from December 2012 to April 2014 and its subsequent extensions of ZLB. We
then assess how the economy would have evolved in the absence of: (i) this
SCFG; (ii) these additional spells of ZLB.

Our counterfactual experiments are as follows. First, we solve for the path
of the discount factor shock to mimic US unemployment rates from 2005 to
2017. Next, we compute a sequence of threshold shocks to extend the SCFG

27For the sake of realism, we continue to produce uncertainty in the threshold conditions.
To do this, we compute the decision rules of the agents under a series of threshold shocks with
a standard deviation σx = 0.1. We shall see below in the counterfactual exercise that this value
corresponds to the uncertainty surrounding the SCFG in the data.

28Note that we are extending the duration of the ZLB in the SCFG regime itself, not in the
ZLB regime.

29According to the time series of the unemployment rate of the US Bureau of Labor Statistics
in February 2021.
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Figure 4: IMPULSE RESPONSE FUNCTIONS - THRESHOLD SHOCK

0 1 2 3 4 5

Size of the shock: εβ = 0.0265. Size of the shock: εx solve for additional periods of SCFG regime.

regime until the end of 2015.30 Third, given the paths of these two shocks, we
simulate the scenarios (i) and (ii).

Mapping to the data is illustrated in the appendix Figure B.7. The discount
rate shock has similar characteristics to that of Hall (2017). Until 2007, it is
below zero, then it increases sharply during the Great Recession and remains
at high levels until 2016. Moreover, despite the relative simplicity of the model,

30In our experiments we assume that the additional ZLB periods constitute an extension of
the SCFG scheme. This scenario is consistent with a monetary authority that still has leverage
over its monetary policy. As such, we argue that our exercise should be viewed as an upper
bound on the effects of the SCFG/FG between 2012 and 2015.
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the fit between the simulations and the data is quite good. Indeed, the mag-
nitude of the decline in inflation is well reproduced, and the model is able to
mimic the entry into the ZLB.

Note that the SCFG regime is triggered immediately after this ZLB switch
in late 2009. This is not really in line with reality since the first typical SCFG
took place in December 2012.31 This happens because the entry condition of
the regime is set at 9%. Figure 5 illustrates, however, that this detour is not of
great influence. Indeed, the differences between an economy where the SCFG
applies compared to one where it does not exist remain limited until 2012 (see
green dashed lines compared to solid black lines).

Figure 5: COUNTERFACTUAL ANALYSIS
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Contrariwise, the main impacts of the SCFG increase after its scheduled
exit in 2014. From that date, the sequence of threshold shocks illustrates how
unanticipated ZLB extensions prevented a slowdown in the economy. The un-
employment rate continued to decline steadily, without rebounding, by about

31Note, however, that many other communications prior to this date refer to mere FG (see
Del Negro et al. (2012) for a list of calendar-based FG). If we assume that the effects of FG are
not close to those of an SCFG, then our exercise is quite robust.
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1.5 pp. The annual inflation rate kept accelerating by roughly 0.5 pp32

4 Conclusion

This paper examines the macroeconomic effects and mechanisms of the SCFG
in a New Keynesian model with search and matching frictions. The SCFG is
designed as a deviation from a standard Taylor rule based on unemployment
thresholds. Specifically, the different monetary policies are integrated into an
endogenous regime-switching system.

We find that an SCFG propagates through two channels: the realization and
the signaling. The contribution of the former is more important than that of the
latter in our benchmark of the US economy. The realization of an SCFG mainly
has an impact through the extension of the ZLB periods. Signaling effects are
transmitted through the reshaping of agents’ expectations.

We observe that both channels are very active when inflation is volatile and
the unemployment exit threshold (target) is low. On the contrary, the entry
threshold is practically irrelevant. This holds if the SCFG is fully credible.
Indeed, if there is uncertainty about the value of the threshold conditions,
its effects are considerably reduced. In addition, if the monetary authority
decides to extend the SCFG at the time of its anticipated exit, then additional
periods of unanticipated ZLB are beneficial. We find that each additional spell
of ZLB then corresponds to about half a pp of the expected unemployment
rate. This allows an assessment of the room for maneuver that a policymaker
can consider in this situation.

Finally, we quantify the impacts of the Fed’s SCFG of December 12, 2012,
and those of subsequent ZLB periods until the end of 2015. Using counterfac-
tual exercises, we estimate that these coupled events prevented a decline of
about 1.5 pp in employment and 0.5 pp in inflation.

We believe that these estimates are conceivable, although their accuracy
could undoubtedly be improved. Indeed, we opted for a simple model in
order to highlight the transmission mechanisms of the SCFG. Moreover, the
complexity of the resolution method increases considerably with the addition
of other state variables. Further research could aim at integrating banking and
capital sectors. Finally, the addition of large-scale asset purchases would be

32It should also be emphasized that the model has difficulty adjusting to the slow increase
in the nominal interest rate when the US economy exited the ZLB (from 2016 onward, see
also Figure 5). In our framework, when the SCFG ends, the nominal interest rate reverts
to the Taylor rule. Due to the below-trend unemployment rate, our notional interest rate
immediately returns to its pre-crisis level. A design of rate persistence could certainly help
to reproduce this dynamic. Moreover, a complete non-linear estimation procedure could im-
prove the estimation of our threshold shocks. Both perspectives offer opportunities for future
research.
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interesting to cover the range of policies deployed over the last decade. These
aspects therefore remain to be explored.
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A Generalized impulse response function

Figure A.6: BOOTSTRAPPED IRF - BENCHMARK CASE

We simulate 1000 IRF responses by drawing random εβ shocks (but only after the Q2 period) to
construct the 90% confidence intervals (gray shaded area). The black line with markers represents
the base case without additional shocks. The red dashed line corresponds to the median.

26



Figure A.7: BOOTSTRAPPED IRF - NO SCFG, ONLY ZLB

We simulate 1000 IRF responses by drawing random εβ shocks (but only after the Q2 period) to con-
struct the 90% confidence intervals (gray shaded area). The square marker line corresponds to the case
without SCFG (in the simulations and in the resolution) without additional shocks. The red dashed line
corresponds to the median.
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B Supplementary figure for the robustness analysis

Figure B.1: IRF: LOWER PRICE RIGIDITY

Size of the shock: εβ = 0.0265. Model without threshold uncertainty. Lower price rigidity: ψ = 90
instead of ψ = 120 (benchmark).

28



Figure B.2: IRF: HIGHER COST OF POSTING VACANCIES

Size of the shock: εβ = 0.0265. Model without threshold uncertainty. Higher cost of posting vacancies:
κ = 0.153 instead of κ = 0.09 (benchmark). Here the target is κv/y = 1.7% instead of κv/y = 1%.
Note that to balance the job creation condition and the wage without changing the steady state, one
need to recalculate ℓ, which becomes lower.
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Figure B.3: IRF: RIGID LABOR MARKET

Size of the shock: εβ = 0.0265. Model without threshold uncertainty. Rigid labor market: ρx = 0.06,
v/(v + n) = 0.06 instead of ρx = 0.1 and v/(v + n) = 0.1 (benchmark) respectively. Note that this
calibration results in a decline in the long run-level in the tightness and the job finding rate.
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Figure B.4: IRF: LOWER ENTRY THRESHOLD SCFG

Size of the shock: εβ = 0.0265. Model without threshold uncertainty. Lower entry threshold FG:
u(s = 2) = 0.08, instead of u(s = 2) = 0.09 (benchmark).
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Figure B.5: IRF: LOWER EXIT THRESHOLD SCFG

Size of the shock: εβ = 0.0265. Model without threshold uncertainty. Lower exit threshold FG:
u(s = 3) = 0.06, instead of u(s = 3) = 0.065 (benchmark).
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Figure B.6: IRF: HIGHER EXIT THRESHOLD SCFG

Size of the shock: εβ = 0.0265. Model without threshold uncertainty. Higher exit threshold FG :
u(s = 3) = 0.07, instead of u(s = 3) = 0.065 (benchmark).
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Figure B.7: MODEL VS DATA
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C Online appendix for "State-Contingent Forward

Guidance": Not intended for publication

C.1 Model reduction

C.1.1 Full set of equations

• Number of match:

mt =
(

s
−γ
t + v

−γ
t

)− 1
γ

(31)

• Job seekers:

st = 1 − (1 − ρx)nt−1 (32)

• Employment law of motion:

nt = (1 − ρx)nt−1 + ftst (33)

• Job finding rate:

ft =
mt

st
(34)

• Vacancy filling rate:

qt =
mt

vt
(35)

• Tightness:

θt =
ft

qt
(36)

• Households FOCs:

λt =
1

ct
(37)

λt = (1 + it)Etβt+1
λt+1

πt+1
(38)
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• Output:

yt = nt (39)

• Job creation condition

κ

qt
= mct − wR

t + (1 − ρx)Etβ
λt+1

λt

κ

qt+1
(40)

• Real wage:

wR
t = (1 − ξ)

(

mct + Etβ
λt+1

λt
(1 − ρx)κθt+1

)

+ ξ

(

b +
ℓ

λt

)

(41)

• New Keynesian Phillips Curve (NKPC):

0 = (1 − ϵ) + ϵmct − ψ
πt

π

(πt

π
− 1
)

+ Etβt+1
λt+1

λt
ψ

πt+1

π

(πt+1

π
− 1
) yt+1

yt
(42)

• Notional (nominal) interest rate:

1 + i∗t =
π

β

(πt

π

)ρπ
(

yt

y

)ρy

(43)

• Monetary regimes:

rt =







1 if i∗t > 0 and ut < u(rt−1)xt

2 if i∗t ≤ 0 and ut < u(rt−1)xt

3 if ut ≥ u(rt−1)xt and rt−1 > 1
(44)

• Effective nominal interest rate:

it(rt) =







i∗t if rt = 1
0 if rt = 2
0 if rt = 3

(45)

• Market clearing condition:

yt

[

1 − ψ

2

(πt

π
− 1
)2
]

= ct + κvt (46)

• Discount shock:

log βt = ρβ log βt−1 + (1 − ρβ) log β + σβε
β
t , with ϵ

β
t ∼ N (0, 1) (47)

• Threshold shock:

log xt = ρx log xt + σxεx
t , with ϵx

t ∼ N (0, 1) (48)
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C.1.2 Variables and parameters

• 18 variables:

mt, st, nt, ft, qt, θt, λt, ct, yt, vt, wR
t , πt, i∗t , it, mct, rt, βt, xt

• 4 state variables:

nt, rt, βt, xt

• 14 control variables:

mt, st, ft, qt, θt, λt, ct, yt, vt, wR
t , πt, i∗t , it, mct

• 19 parameters:

β, ℓ, ϵ, π, ψ, ρy, ρπ, b, ξ, κ, γ, ρx, u(r1:3), ρβ, σβ, ρx, σx

C.1.3 Compact form

The objective of this section is to write the model in a compact form so that we
reduce it to two policy rules: θt and πt. The model can then be summarized
by a set of policy rules yyyt = {θt, πt}, laws of motion for the state variables and
expectation functions Φt = {Φ1

t , Φ2
t , Φ3

t , Φ4
t }; given initial values for the state

variables xxxt = {nt−1, rt−1, βt, xt}.

C.1.4 Expectations

The expectation functions are:

Φ1
t = Etβt+1

λt+1

πt+1
(49)

Φ2
t = Etβt+1λt+1ψ

πt+1

π

(πt+1

π
− 1
)

yt+1 (50)

Φ3
t = Etβt+1λt+1(1 − ξ)(1 − ρx)κθt+1 (51)

Φ4
t = Etβt+1λt+1(1 − ρx)

κ

qt+1
(52)

C.1.5 Reduction of the model

For the sake of exposition, we color the variables that could be replaced by
their expressions.
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• Equations (34) and (35) can be computed as a function of θt:

qt = (1 + θ
γ
t )

− 1
γ

ft = (1 + θ
−γ
t )−

1
γ

• Combining Equations (37), (39) and (46) gives:

λt =

{

nt

[

1 − ψ

2

(πt

π
− 1
)2
]

− κvt

}−1

where vt and nt can be solved using (36), (32), and (33):

vt = θt(1 − (1 − ρx)nt−1)

nt = (1 − ρx)nt−1 + (1 + θ−γ)−
1
γ (1 − (1 − ρx)nt−1)

• Combining the job creation condition (40) and the wage equation (41), to-
gether with the previous definition of the Lagrange multiplier and the expec-
tation definitions, yields to:

κ

qt
= ξ

(

mct − b − ℓ

λt

)

− Φ3
t

λt
+

Φ4
t

λt

• Using the NKPC (42) and replacing the next period employment by its ex-
pression, the marginal cost is written as:

mct =
1

ϵ

[

(ϵ − 1) + ψ
πt

π

(πt

π
− 1
)

− Φ2
t

λt

1

nt

]

• We can further reduce the dimension of the model by plugging the marginal
cost mct into the job creation condition:

κ

qt
= ξ

(

mct − b − ℓ

λt

)

− Φ3
t

λt
+

Φ4
t

λt
(53)

• We can then express the notional interest as a function of the employment
rate:

i∗t =
π

β

(πt

π

)ρπ
(nt

n

)ρy − 1

• This allows us to write the monetary regime-switching as a function of the
notional interest rate:
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rt(i
∗
t ) =







1 if i∗t > 0 and 1 − nt < u(rt−1)xt

2 if i∗t ≤ 0 and 1 − nt < u(rt−1)xt

3 if 1 − nt ≥ u(rt−1)xt and rt−1 > 1

• The effective interest rate becomes:

it(rt(i
∗
t )) =







i∗t if rt(i∗t ) = 1
0 if rt(i∗t ) = 2
0 if rt(i∗t ) = 3

• Plugging the effective interest rate into the Euler equation for consumption
(38) gives:

λt = (1 + it(rt(i
∗
t )))Φ

1
t (54)

The two boxed equations, (53) and (54), correspond to the policy rules of the
model defining the labor market tightness θt and the inflation rate πt.

C.2 Solution method

The solution method is borrowed from Albertini & Moyen (2020). This com-
bines polynomial approximations, stochastic simulations and deterministic in-
tegration techniques. The algorithm consists in approximating the decision
rules with Chebyshev polynomials. The polynomials are projected onto clus-
tered points for each regime using stochastic simulations and grid reduction
techniques à la Maliar & Maliar (2015).

C.2.1 Some useful notations and operators

Throughout the algorithm we will use the following notations and operators.

• x
[l×c]

defines x as a matrix with l lines and c columns.

• xxxt defines the state vector {βt, nt−1, xt} (excluding the regime).

• rt defines the regime.

• n = 1, ..., N denotes the regime number.

• ns = 2 is the number of aggregate shocks.

• Im is a [m × 1] column vector whose elements are one.
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• 1{cond} is an indicator variable taking the value 1 if the condition is satisfied
and zero otherwise.

• d = 1, ..., DDD is the approximation order of a Chebyshev polynomial.

• k = 1, ..., KKK is an index for state variables.

• h = 1, ..., H counts the h-th quadrature nodes and weights used for inte-
gration.

• ⊗ stands for a Kronecker product.

• ◦ stands for a Hadamar product (or Schur product).

• P(xxxt; Θ(r)) is an approximation function of a decision rule that depends
on the vector of state variables xxxt and a set of regime-dependent polynomial
coefficients Θ(r).

• xxx′ = Γ(xxx, ε′; Θ(r)) is a law of motion for the state variables given that the
control variables are approximated by a function P(.).

C.2.2 One-dimensional approximation

Consider first that xxxt is a one-dimensional state vector. The function φ(xxxt)
ensures that xxxt fits into the Chebyshev domain [−1, 1]:

φ(xxxt) = 2
xxxt − a

b − a
− 1

The Chebyshev polynomial basis of order d ∈ [2, DDD] is built according to the
following recursion:

Td+1(SSSt) = xxxt Td(xxxt)− Td−1(xxxt)

with T0(xxxt) = 1 and T1(xxxt) = xxxt. Applying trigonometric identities, the d-th
member of the polynomial is:

Td(xxxt) = cos(d arccos(xxxt)) if |xt| ≤ 1

Let P(.) be an approximation function of a one-dimensional state variable xxxt,
then:

P(xxxt; Θ) =
DDD

∑
d=0

θdTd(φ(xxxt))

where Θ = {θ1, ..., θDDD} are the parameters of the Chebyshev function.
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C.2.3 Multidimensional approximation

When the number of state variables is higher than one (KKK > 1), we have to
build a multidimensional Chebyshev polynomial basis. The KKK−fold tensor
product basis for the function with KKK variables (xxxt = {x1

t , ..., xKKK
t }) is given by

taking all possible KKK−term products of Tdk
. The tensor product basis BT is

defined as:

BT

[1×(1+d KKK)d]
=

{ KKK

∏
k=1

Tdk
(φ(xk

t ))

∣

∣

∣

∣

dk = 0, ..., DDD; k = 1, ..., KKK

}

Note that some of the bases have an order higher than DDD thereby increasing the
number of elements. In a complete base approach, all products of polynomial
terms must have an order not higher than DDD. Denote by BC the complete
polynomial basis with BC ⊆ BT. The latter is given by:

BC

[1×bbb]
=

{ KKK

∏
k=1

Tdk
(φ(xk

t ))

∣

∣

∣

∣

DDD

∑
d1=0

...
DDD

∑
dKKK=0

( KKK

∑
j=1

dj

)

≤ DDD

}

dk = 0, ..., DDD

k = 1, ..., KKK

where bbb is the number of polynomial bases such that:

bbb =
DDD

∑
d1=0

...
DDD

∑
dKKK=0

1{∑
KKK
j=1 dj≤DDD} for k = 1, ..., KKK

The multidimensional approximation function is written as:

P(xxxt; Θ) = BC ◦ Θ

where Θ = {θ1, ..., θbbb}⊤ is a [bbb × 1] vector of Chebyshev coefficients.

C.2.4 Piecewise approximation

In the algorithm, we will use a piecewise approximation. The general idea
is that a decision rule is approximated by a collection of approximation func-
tions, each of which belongs to a particular regime. Therefore, there are as
many polynomials as there are regimes.33 Subsequently, we adopt the follow-
ing notations. We denote by P(xxxt; Θ(r)) the approximation function of the

33This method provides a more accurate approximation to the solution than using a single
Chebyshev polynomial. It enables handling of the kink or regime-switching (RS) in all the
policy rules separately. Then, the two policy rules are related when expectations are com-
puted. This means that agents take into account the endogenous RS process when making
their decisions.
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control variables in each regime r; and where Θ(r) = {θ1(r), ..., θm(r)}⊤ is a
vector of coefficients. “Aggregate” policy rules are then defined as:

P(xxxt; Θ) =



















P(xxxt; Θ(1)) if rt = 1
P(xxxt; Θ(2)) if rt = 2

...
...

P(xxxt; Θ(N)) if rt = N

(55)

where Θ = {Θ(1), ..., Θ(N)} correspond to a set of Chebyshev coefficients.

C.3 Stochastic simulations

We borrow the stochastic simulation method from Maliar & Maliar (2015). The
objective of this approach is to construct a grid of state variables on which
polynomials are evaluated. For given policy functions Θ(rt), we simulate the

model by drawing random shocks ε
β
t and εx

t from their normal distribution.
Using the law of motion for the state variables, we then obtain time series.
These points serve as explanatory variables in the evaluation of the polynomi-
als. The main advantage of this method is that it focuses only on points visited
in equilibrium, which in turn improves the accuracy. However, evaluating the
polynomials on all simulated points can be computationally very expensive
(e.g., we draw 20,000 shocks). To get around this problem, Maliar & Maliar
(2015) use a ε-distinguishable set (EDS), thus eliminating repetitive points.
Starting from {xxxt}T

t=0, we compute the principal components and the distance
between each point. We eliminate the points that are too close to each other.
We thus obtain a small set of points which are representative of the state space.
An example for the model without the threshold shock is shown in Figure C.8.
All simulated points are displayed in panel (a). Points that belong to a specific
regime are shown in panel (b). In panel (c), the EDS technique is applied.
Finally, a set of representative points for the polynomial evaluation is depicted
in the panel (d).

C.4 Numerical integration

We have four expectation functions Φt = {Φ1
t , Φ2

t , Φ3
t , Φ4

t }, each of which
requires numerical integration. We use Gaussian integration techniques. To
simplify the notation, we now remove the time index t from the contempo-
raneous variable and use x′ to define the state variables of the next period.
Consider an expectation function of the form:

Φ = βEE(xxx′, P(xxx′; Θ(r′)))

where E(.) stands for the expectation function and E the expectation operator.
The solution of next period state variables are obtained using the following
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Figure C.8: EDS GRID
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Grid points are computed on a stochastic simulation of 20000 observations. Simulated points from the
stochastic methods are the ones from the last iteration. Chebyshev polynomials are of order 3. rt = 1, 2, 3
corresponds to the normal regime, the ZLB regime and the SCFG regime respectively.

law of motion:

xxx′ = Γ(xxx, ε′; Θ(r))

The expectation function can then be rewritten as:

Φ = β

∫

ε′
E
(

Γ(xxx, ε′; Θ(r)), P(Γ(xxx, ε′; Θ(r)); Θ(r′))
)

To solve the numerical integration problem, we use Gauss-Hermite quadra-
tures. It consists in evaluating the integral at different nodes and summing

the evaluations using particular weights. Let eee
j
h be the h-th nodes and ωωω

j
h the

h-th weights of the Gauss-Hermite quadratures with h = 1, ..., H, H being the
number of quadrature nodes and the index j = {β, x} corresponding to the
aggregate shocks. The approximation of the integral reads:

Φ = β

(

1√
π

)ns H

∑
h=1

H

∑
h=1

ωωω
β
h ωωωx

h E
(

Γ(xxx, Σ
√

2eeeh; Θ(r)), P(Γ(xxx, Σ
√

2eeeh; Θ(r)); Θ(r′))
)
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Σ is the variance-covariance matrix of the shocks and eeeh = {eee
β
h , eeex

h} is the set
of nodes.

C.5 Algorithm: Generalized Stochastic Simulation Algo-

rithms

Step 1 - Initialization Choose the order of the Chebyshev polynomial DDD. Denote
i the i-th iteration. At this stage, i = 0. Set a convergence criterion b. Initialize
the coefficients Θ(1)i, Θ(2)i, Θ(3)i using OLS regression on a stochastic simulation
computed from the solution of a perturbation method.34

Step 2 - Stochastic simulations Compute a stochastic simulation over T=20000 pe-

riods using the same sequence of shocks {ε
j
t}T

t=0 as in Step 1. Given initial conditions
for n0, i∗0 , β0, x0 and r0 = 1 and the policy functions Θ(r), for t = 1, ...T, compute
the control variables and the next period state variables.

Step 3 - Representative points [Maliar & Maliar (2015), section 2.2.2]. Set a
criterion εn, for each regime n = 1, ..., N. Given the time series previously computed,
define Xn = {nt−1, βt, xt| rt = n}T

t=0. Let Pn = {∅} be the empty set. For
n = 1, ..., N, do:

a. Select xj ∈ Xn. Compute ∆(xj, xℓ), j ̸= ℓ to all xj in Xn with the following
formula:

∆(xj, xℓ) =

√

√

√

√

KKK

∑
k=1

(PCk
j − PCk

ℓ
)2

where ∆(xj, xℓ) is the Euclidian distance between the principal components
(PC) of Xn normalized to unit variance.

b. Eliminate from Xn all xj for which ∆(xj, xℓ) < εi

c. Add xj to Pn and eliminate it from Xn

d. Go back to step a. until Xn = {∅}

Step 4 - Expectation Set the nodes eee and weights ωωω. For each regime, compute the
expectation functions Φt = {Φ1

t , ..., Φ4
t } using Gauss-Hermite quadratures.

Step 5 - Solve for the control variables Update the coefficients Θ(r) using the
Newton algorithm. Given expectation terms Φt and the initial value for the state

34This step is achieved thanks to the Dynare package for Matlab. We consider a perturbation
method of order 2 and assume that the regime is always rt = 1.
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variables xxxt, the Newton algorithm solves a system of two equations ((53) and (54))
for two unknowns (θt and πt).

Step 6 - Estimate coefficients For n = 1, ..., N, regress the estimate of θt and πt on
the basis functions to get a new value for the coefficients:

Θ(n)i+1 =

(

BC(Pn)
⊤BC(Pn)

)−1(

BC(Pn)
⊤ ĉn

)

Step 7 - Convergence Check for the convergence in the policy rules by computing:

bn =
||Θ(n)i+1 − Θ(n)i||

||Θ(n)i||
bi = max(b1, ..., bN)

a. Check if bi < b. If it is the case, stop the algorithm.

b. Otherwise, if bi ≥ b, set i = i + 1 and go back to Step 2.

c. To achieve a convergence in the algorithm, use a smoothing parameter for the
update of the policy rules:

Θ(n)i+1 = γiΘ(n)i + (1 − γi)Θ(n)i+1

where γi depends on the iteration with the following values:

γi =







γ1 if i < imin

γ2 if imin ≤ i < imax

γ3 if i ≥ imax
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